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Abstract
We study soliton interaction in the Modified Kadomtsev-Petviashvili-(II)
equation (MKP-(II)) using the totally non-negative Grassmannian. One con-
structs the multi-kink soliton of MKP equation using the τ -function and the
Binet-Cauchy formula, and then investigates the interaction between kink soli-
tons and line solitons. Especially, Y-type kink-soliton resonance, O-type kink
soliton and P-type kink soliton of X-shape are investigated. Their amplitudes
of interaction are computed after choosing appropriate phases.
Keywords: τ -function, Grassmannian, Resonance, Kink Soliton
1
ar
X
iv
:1
70
5.
04
82
7v
3 
 [n
lin
.SI
]  
8 F
eb
 20
18
1 Introduction
Recently, the soliton interaction in integrable models has attracted much attention,
especially the resonant theory in the KP-(II) theory [1, 8, 9, 10, 11, 12, 13] (refer-
ences therein) and Novikov-Veselov (NV) equation [2, 3]. The key point of soliton
interaction in the KP-(II) equation is the τ -function structure, i.e., the Wronskian
formula. Using the Bitnet-Cauchy formula, one can express the τ -function as a linear
combination of exponential functions, whose coefficients have to satisfy the Plucker
relations. To get the non-singular solutions, one leads to the totally non-negative
Grassmannian. Then we can classify the resonant structures of KP-(II) equation us-
ing the Grassmannian. Due to the success in KP-(II) equation, one can investigate
the soliton interaction of the Modified KP-(II) (MKP-(II)) equation. The τ -function
structure of MKP-(II) is the same as the KP-(II) equation; however, the solution
of MKP-(II) equation is associated with the quotient of τ -functions, i.e., there is
a Miura transformation between the solutions of KP-(II) equation and MKP-(II)
equation (see below). To get the non-singular solutions of MKP-(II) equation, the
parameters are non-negative. In particular, one has kink-soliton solution and then
can investigate their resonant structure.
The MKP-(II) equation is defined by [5, 14, 15, 17]
−4ut + uxxx − 6u2ux + 6ux∂−1x uy + 3∂−1x uyy = 0. (1)
The equation (1) was introduced in [14] within the framework of gauge-invariant de-
scription of the KP equation. In [17], it appeared as the first member of modified KP
hierarchy using the τ -function theory. In [15], the inverse-scattering-transformation
method is used to get the exact solution for MKP equations, including rational so-
lutions (lumps), line solitons and breathers. The MKP-(II) equation (1) may be
relevant to the description of water waves in a situation when one has to take cu-
bic non-linearity into account. Also, it has been obtained by solving the associated
coupled Maxwell and Landau-Lifshitz equations in two dimensions using a reductive
perturbation method during the study on the propagation of electromagnetic wave
(EMW) in an isotropic charge-free infinite ferromagnetic thin film [21]. In [21] it
has pointed out that the magnetization of the medium is excited in the form of
solitons and also the magnetic field component of the propagating EMW is mod-
ulated in the form of solitons. The MKP-(II) equation has also been derived in
the study of the propagation of ion-acoustic waves in a plasma with non-isothermal
electrons [22]. This model can also describe the evolution of various solitary waves
in the multi-temperature electrons plasmas, in which there exists a collision-less
multi-component plasma conceiving cold ions and two temperature electrons having
different Maxwellian distributions rendered in the form of two Boltzmann relations
[4] .
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Letting
u(x, y, t) = ∂x ln(F (x, y, t)/G(x, y, t)), (2)
we have the Hirota bi-linear equation [6, 17]
(Dy −D2x)F ◦G = 0 (3)
(−4Dt +D3x + 3DxDy)F ◦G = 0, (4)
where the bi-linear operators Dmx and D
n
y are defined by
Dmx D
n
yF ◦G = (∂x − ∂x′ )m(∂y − ∂y′ )nF (x, y)G(x
′
, y
′
).
To construct the solutions of these Hirota equations (3) and(4), one defines the
determinant
τ
(n)
N = det

f
(n)
1 f
(n+1)
1 · · · f (n+N−1)1
f
(n)
2 f
(n+1)
2 · · · f (n+N−1)2
...
...
...
...
f
(n)
N f
(n+1)
N · · · f (n+N−1)N
 , (5)
where the elements in the above determinant are defined by (i = 1, 2, 3 · · · , N )
∂fi
∂xm
=
∂mfi
∂xm
, x1 = x, x2 = y, x3 = t, (6)
and f
(n)
i means the n-th order derivative with respect to x, n = 0, 1, 2, 3, · · ·. Also,
we can write τ
(n)
N as a Wronskian, i.e.,
τ
(n)
N = Wr(f
(n)
1 , f
(n)
2 , f
(n)
3 , · · · , f (n)N ).
It is shown that [6]
F = τ
(1)
N , G = τ
(0)
N , or u(x, y, t) = ∂x ln
τ
(1)
N
τ
(0)
N
, (7)
will be solutions of (3) and (4) for N = 1, 2, · · ·.
We remark that after the Miura transformation [15], using the Hirota equation
(3), we have
v = −∂−1x uy − ux − u2 = 2∂xx ln τ (0)N , (8)
and then one can obtain the Hirota equation by (4)
(−4DtDx +D4x + 3D3y)τ (0)N ◦ τ (0)N = 0,
or the KP-(II) equation
−4vt + vxxx + 6vvx + ∂−1x 3vyy = 0. (9)
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Next, we construct the resonant solutions of MKP-(II) equation using the totally
non-negative Grassmannian in KP-(II) theory [11, 13]. Here one considers a finite
dimensional solution
fi(x, y, t) =
M∑
j=1
aijEj(x, y, t), i = 1, 2, · · ·N < M,
Ej(x, y, t) = e
θj , θj = kjx+ k
2
jy + k
3
j t+ ξj, j = 1, 2, · · ·M
where kj and ξj are real parameters. For simplicity, we take ξj = 0 in this article.
Each Ej(x, y, t) satisfies the equations (6). Then each resonant solution of MKP-(II)
equation can be parametrized by a full rank matrix
A =

a11 a12 · · · a1M
a21 a22 · · · a2M
...
...
...
...
aN1 aN2 · · · aNM
 ∈MN×M(R).
Using the Binet-Cauchy formula, the τ -function τ
(0)
N can be written as
τA = τ
(0)
N = Wr(f1, f2, · · · , fN) = det

f1 f
′
1 · · · f (N−1)1
f2 f
′
2 · · · f (N−1)2
...
...
...
...
fN f
′
N · · · f (N−1)N

= det


a11 a12 · · · a1M
a21 a22 · · · a2M
...
...
...
...
aN1 aN2 · · · aNM


E1 k1E1 · · · kN−11 E1
E2 k2E2 · · · kN−12 E2
...
...
...
...
EM kMEM · · · kN−1M EM


=
∑
J
∆J(A)EJ(x, y, t), (10)
where ∆J(A) is theN×N minor for the columns with the index set J = {j1, j2, j3, · · · , jN},
and EJ is the Wronskian
EJ = Wr(Ej1 , Ej2 , Ej3 , · · · , EjN ) =
∏
m<l
(kjl − kjm)Ej1Ej2Ej3 · · ·EjN . (11)
We notice that the coefficients ∆J(A) of τA have to satisfy the Plucker relations.
Similarly,
τ
(1)
A = τ
(1)
N = Wr(f
′
1, f
′
2, · · · , f
′
N) = det

f
′
1 f
′′
1 · · · f (N)1
f
′
2 f
′′
2 · · · f (N)2
...
...
...
...
f
′
N f
′′
N · · · f (N)N

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= det


k1a11 k2a12 · · · kMa1M
k1a21 k2a22 · · · kMa2M
...
...
...
...
k1aN1 k2aN2 · · · kMaNM


E1 k1E1 · · · kN−11 E1
E2 k2E2 · · · kN−12 E2
...
...
...
...
EM kMEM · · · kN−1M EM


=
∑
J
∆J(A)kj1kj2kj3 · · · kjNEJ(x, y, t). (12)
To obtain non-singular solutions of MKP-(II), from (7), (10) and (12), it can be seen
that ∆J(A) ≥ 0 for all J , i.e., A is an element of totally non-negative Grassmannian
Gr(N,M), and we assume the ordering in the k-parameters,
0 ≤ k1 < k2 < k3 < · · · < kM . (13)
We remark here that the ordering
k1 < k2 < k3 < · · · < kM . (14)
can obtain singular solutions of MKP-(II); however, it can obtain non-singular so-
lutions of KP-(II) after the Miura transformation (8). The solutions of MKP-(II)
under the condition (13) are called Type II solutions, and they are pure 2+1 dimen-
sional ones. On the other hand, the solutions of MKP-(II) under the condition (14)
are called Type I solutions, and they admit 1+1 dimensional reduction [15]. For
example, there is no solution of modified KdV (MKdV) equation obtained from the
condition (13).
This paper is organized as follows: in section 2, we construct basic resonant
solutions and then terrace-type solutions can be found. In section 3, we investigate
the X-shape solitons, i.e., O-type and P-type solitons. The maximum amplitudes
of the intersection of X-shape solitons are computed; moreover, the amplitudes of
interaction between line soliton and kink soliton are found. In section 4, we conclude
the paper with several remarks.
2 Basic Resonant Solutions
In this section, one constructs basic resonant solutions. We study the resonant in-
teraction between line soliton and kink soliton, and find out terrace-type solutions.
The resonant interaction inside the kink fronts is studied. In addition, the asymp-
totic line solitons are described as y → ±∞.
Let’s consider one line soliton. For N=1, one takes
f1 = E1 + E2 = 2e
(θ1+θ2)/2 cosh
θ2 − θ1
2
.
Also,
f1x = k1E1 + k2E2 = 2e
(Θ1+Θ2)/2 cosh
Θ2 −Θ1
2
,
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where
Θj = θj + ln kj.
Then one can get the line soliton:
u = ∂x ln
f1x
f1
=
k2 − k1
2
(tanh
θ2 − θ1 + ln k2k1
2
− tanh θ2 − θ1
2
) ≥ 0. (15)
A simple calculation shows that when θ2 − θ1 = −12 ln k2k1 , u has maximal value
(
√
k2 −
√
k1)
2. Similar to the case KP-(II) [9], it can be seen that the [1, 2]-line
soliton solution (15) has the wave vector
~K[i,j] = (kj − ki, k2j − k2i ), i = 1, j = 2, (16)
and can be measured in the counterclockwise sense from the y-axis, i.e.,
tan Φ[i,j] =
k2j − k2i
kj − ki = ki + kj, i = 1, j = 2; (17)
moreover, its velocity is given by
~V[i,j] =
k2i + kikj + k
2
j
1 + (ki + kj)2
(1, ki + kj), i = 1, j = 2, (18)
and the frequency is given by
Ωi,j = k
3
j − k3i = (kj − ki)(k2i + kikj + k2j ), i = 1, j = 2. (19)
From (18), we see that any soliton propagates in the positive x-direction.
We notice that a kink solution can be obtained by k1 = 0. In this case, from
(15), we have
u =
k2
2
(1− tanh θ2
2
)→
{
k2, x→ −∞,
0, x→∞. (20)
One defines that the kink front of (20) is θ2 = 0. Then by (17) and (18) its wave
vector and velocity are
tan Φ[0,j] = kj, ~V[0,j] =
k2j
1 + k2j
(1, kj), Ω0,j = k
3
j , j = 2, (21)
respectively.
From the form of τ -function (10), the xy-plane is partitioned into several regions
depending on the dominant exponential EJ in its own region. Each line soliton is
obtained by the balance between adjacent regions and is localized only at the bound-
aries of the dominant regions. In [1], it is proved that as |y| → ∞ the unbounded
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line solitons remain invariant for any fixed time in KP-(II) equation case. From (10)
and (12), it can be seen locally
τA ≈ Ei,j2,j3···,jN + Ej,j2,j3···,jN
τ
(1)
A ≈ kikj2kj3 · · · kjNEi,j2,j3···,jN + kjkj2kj3 · · · kjNEj,j2,j3···,jN .
A similar calculation as (15) can yield locally ( [i, j]-soliton )
u ≈ kj − ki
2
(tanh
Θj −Θi + ln kjki
2
− tanh Θj −Θi
2
) ≥ 0, (22)
where
Θj = θj + ln |
N∏
m=2
(kj − kjm)|, Θi = θi + ln |
N∏
m=2
(ki − kjm)|.
Also, when Θj − Θi = −12 ln kjki , this [i, j]-soliton has maximal value (
√
kj −
√
ki)
2.
It has the wave vector (16), the velocity (18) and the frequency (19).
A multi-kink solilton can be obtained by k1 = 0. In this case, each [1, j]-line
soliton in (22) becomes kink front, i.e.,
u ≈ kj
2
(1− tanh Θj − ln
∏N
m=2 k1m
2
)→
{
kj, x→ −∞,
0, x→∞, (23)
and forms the boundary of the multi-kink solution. The front of the multi-kink
solution of (23) is defined as
Θj − ln
N∏
m=2
k1m = 0.
Their wave vectors , the velocities and the frequencies (19) are defined by (21).
Next, we consider basic resonant solitons, i.e., Y- type solutions. Firstly, for
N=1, one takes
g1 = E1 + E2 + E3, u = ∂x ln
g1x
g1
= ∂x ln
k1E1 + k2E2 + k3E3
E1 + E2 + E3
. (24)
Similar to the KP-(II) equation [9], three line solitons can interact to form a trivalent
vertex and satisfy the resonant conditions for wave number and frequency by (16)
and (19) (i < m < j)
~K[i,j] = ~K[i,m] + ~K[m,j], Ω[i,j] = Ω[i,m] + Ω[m,j], i = 1,m = 2, j = 3. (25)
For the kink soliton of (24), we take k1 = 0. Please see the figure 1. One obtains
two kink fronts (from left to right):
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 Figure 1: Y-type Kink (I) (k1 = 0, k2 = 1, k3 = 2 )
• For y >> 0: one has [2, 3]-front and [1, 3]-front.
• For y << 0: one has one kink front [1, 2]-front and the line soliton [2, 3]-soliton.
From (15), the kink bounded by [2, 3]-front and [1, 3]-front has the height: k3
2
(1 −
tanh θ3
2
), and the kink bounded by [2, 3]-front and [1, 2]-front has the height: k2
2
(1−
tanh θ2
2
). The wave vectors and velocities of [1, 3]-front and [1, 2]-front are given
by (21) for j = 3, 2. These three fronts satisfy the resonant conditions (25). Also,
we notice that [2, 3] is both a front and line soliton, its wave vector and velocity
being by (17) and (18), i = 2, j = 3. We see that the line soliton [2, 3]-soliton
penetrates through the kink soliton and becomes the boundary of different height
of kink solitons. It is different from the KP-(II) case.
Secondly, one considers another basic Y-type soliton for N = 2. We consider the
matrix
AY =
[
1 0 −b
0 1 a
]
.
where a, b are positive number. The we know
f1 = E1 − bE3, f2 = E2 + aE3.
By the formula (10), the corresponding τ -function is
τAY = Wr(f1, f2) = (k2 − k1)E1E2 + a(k3 − k1)E1E3 + b(k3 − k2)E2E3.
So
u = ∂x ln
Wr(f ′1, f
′
2)
Wr(f1, f2)
= ∂x ln
k1k2(k2 − k1)E1E2 + ak1k3(k3 − k1)E1E3 + bk2k3(k3 − k2)E2E3
(k2 − k1)E1E2 + a(k3 − k1)E1E3 + b(k3 − k2)E2E3 .(26)
8
 Figure 2: Y-type Kink (II) (k1 = 0, k2 = 1, k3 = 2, a = 10, b = 40 )
For the kink soliton of (26), we take k1 = 0. Please see the figure 2. One obtains
two kink fronts
• for y >> 0: [2, 3]-front and [1, 2]-front (from left to right);
• for y << 0 : one has one kink front [1, 3]-front.
Also, from (15), the kink bounded by [2, 3]-front and [1, 2]-front has the height:
k2
2
(1− tanh θ2
2
), and the kink bounded by [2, 3]-front and [1, 3]-front has the height:
k3
2
(1 − tanh θ3
2
). The wave vectors and velocities of [1, 3]-front and [1, 2]-front are
given by (21) for j = 3, 2 but the wave vector and velocity of [2, 3]-front is given by
(17) and (18). These three fronts also satisfy the resonant conditions (25).
We remark here that in [7, 16, 20] the Y-type resonance of line solitons of MKP-
(II) is investigated but their N-soliton solutions are different from (12), i.e., there is
no non-negative Grassmannian structure or Plucker relations.
3 X-type Solitons
In this section, one constructs O-type and P-type solitons using the totally non-
negative Grassmannian. Then the amplitudes of intersection of line solitons are
computed after choosing appropriate phases. Furthermore, the interaction between
line soliton and kink soliton is described.
3.1 O-type soliton
The Grassmannian of O-type has the form [9]
AO =
[
1 a 0 0
0 0 1 b
]
,
9
where a, b are positive numbers. Then the τ -function is
τO = (k3 − k1)eθ1+θ3 + b(k4 − k1)eθ1+θ4 + a(k3 − k2)eθ2+θ3 + ab(k4 − k2)eθ2+θ4 .
And
τ
(1)
O = k1k3(k3−k1)eθ1+θ3+bk1k4(k4−k1)eθ1+θ4+ak2k3(k3−k2)eθ2+θ3+abk2k4(k4−k2)eθ2+θ4 .
Near [1,2] soliton, we have by (22)
u ≈ k2 − k1
2
(tanh
Θ2 −Θ1 + ln k2k1
2
− tanh Θ2 −Θ1
2
), (27)
where
Θ2 −Θ1 = θ2 − θ1 + ln a+ ln(k4 − k2)− ln(k4 − k1).
When Θ2−Θ1 = −12 ln k2k1 , we have the maximal amplitude. Also, the phase shift is
:
θ+[1,2] =
1
2
ln
k2
k1
− ln a+ ln(k4 − k1)− ln(k4 − k2)
θ−[1,2] =
1
2
ln
k2
k1
− ln a+ ln(k3 − k1)− ln(k3 − k2).
Then
θ[1,2] = θ
+
[1,2] − θ−[1,2] = ln ∆O,
where
∆O =
(k4 − k1)(k3 − k2)
(k4 − k2)(k3 − k1) = 1−
(k2 − k1)(k4 − k3)
(k4 − k2)(k3 − k1) .
Notice that 0 ≤ ∆O ≤ 1. Then θ[1,2] = θ[3,4] < 0. Each [i, j]-soliton shifts in x with
∆xi,j =
1
kj − ki θ[i,j] < 0,
which indicates an attractive force in the interaction [8].
Now, we can choose a such that
θ+[1,2] + θ
−
[1,2] = ln
k2
k1
+ ln
k4 − k1
k4 − k2 − 2 ln a+ ln
k3 − k1
k3 − k2 = 0. (28)
Then
a =
√
k2(k4 − k1)(k3 − k1)
k1(k4 − k2)(k3 − k2) .
Likewise, near [3,4] soliton, one yields
u ≈ k4 − k3
2
(tanh
Θ4 −Θ3 + ln k4k3
2
− tanh Θ4 −Θ3
2
),
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where
Θ4 −Θ3 = θ4 − θ3 + ln b+ ln(k4 − k1)− ln(k3 − k1).
When Θ4−Θ3 = −12 ln k4k3 , we have the maximal amplitude. Also, the phase shift is
θ+[3,4] =
1
2
ln
k4
k3
− ln b+ ln(k3 − k2)− ln(k4 − k2)
θ−[3,4] =
1
2
ln
k2
k1
− ln b+ ln(k3 − k1)− ln(k4 − k1).
Then
θ[3,4] = θ
+
[3,4] − θ−[3,4] = ln ∆O = θ[1,2].
We can choose b such that
θ+[3,4] + θ
−
[3,4] = ln
k4
k3
+ ln
k3 − k1
k4 − k1 − 2 ln b+ ln
k3 − k2
k4 − k2 = 0.
Then
b =
√
k4(k3 − k2)(k3 − k1)
k3(k4 − k2)(k4 − k1) .
For these particular choices of a and b, we have using (7), after a little algebra,
τO ≡
√
k1k3e
θ1+θ3 +
√
k1k4∆Oe
θ1+θ4 +
√
k2k3∆Oe
θ2+θ3 +
√
k2k4e
θ2+θ4
= eθˆ1+θˆ3 +
√
∆Oe
θˆ1+θˆ4 +
√
∆Oe
θˆ2+θˆ3 + eθˆ2+θˆ4
= eθˆ1+θˆ2+θˆ3+θˆ4 [E+12(E
+
34 +
√
∆OE
−
34) + E
−
12(
√
∆OE
+
34 + E
−
34)]
≡ cosh θˆO+ +
√
∆O cosh θˆ
O
−,
where
θˆO± =
1
2
[(θˆ2 − θˆ1)± (θˆ4 − θˆ3)]
E±ij = e
±(θˆi−θˆj)
2 , θˆj = θj +
1
2
ln kj,
and ≡ means it is equivalent by (7). Similarly, one has
τ
(1)
O ≡ cosh θ˜O+ +
√
∆O cosh θ˜
O
−,
where
θ˜O± =
1
2
[(θ˜2 − θ˜1)± (θ˜4 − θ˜3)], θ˜j = θj + 3
2
ln kj.
Then
u = ∂x ln
τ
(1)
O
τO
= ∂x ln
cosh θ˜O+ +
√
∆O cosh θ˜
O
−
cosh θˆO+ +
√
∆O cosh θˆO−
.
11
Next, we compute the amplitude of the intersection part of [1, 2]-soliton and
[3, 4]-soliton . It is determined by the linear system
θˆ2 − θˆ1 = −1
2
ln
k1
k2
θˆ4 − θˆ3 = −1
2
ln
k4
k3
. (29)
Then
θˆO+ = −
1
4
(ln
k1
k2
+ ln
k4
k3
)
θˆO− = −
1
4
(ln
k1
k2
− ln k4
k3
),
and
θ˜O+ =
1
4
(ln
k1
k2
+ ln
k4
k3
)
θ˜O− =
1
4
(ln
k1
k2
− ln k4
k3
).
These imply
θ˜O+ = −θˆO+, θ˜O− = −θˆO−.
A direct calculation shows that at the intersection part
u = (k2 − k1)(
√
k2k4 −
√
k1k3) +
√
∆O(
√
k2k3 −
√
k1k4)
(
√
k2k4 +
√
k1k3) +
√
∆O(
√
k2k3 +
√
k1k4)
+ (k4 − k3)(
√
k2k4 −
√
k1k3)−
√
∆O(
√
k2k3 −
√
k1k4)
(
√
k2k4 +
√
k1k3) +
√
∆O(
√
k2k3 +
√
k1k4)
. (30)
We remark that in [18] the N-soliton solution of MKP-(II) is constructed using the
Darboux transformation and the O-type soliton of two lines is investigated; however,
the authors didn’t compute the amplitude of intersection of these two line solitons.
Using the inequality, 0 < x =
√
∆O < 1, a, b, c, d ∈ R,
a+ b
c+ d
<
ax+ b
cx+ d
<
b
d
, iff (ad− bc) < 0,
it is not difficult to see that
A[1,2] + A[3,4] < u <
(
√
k2k4 −
√
k1k3)
(
√
k2k4 +
√
k1k3)
(k4 − k3 + k2 − k1).
The middle portion has the highest amplitude. Also,
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• when ∆O = 1, we get k3 = k4 or k2 = k1. Then u = A[1,2] or A[3,4], i.e., one-line
soliton;
• when ∆O = 0, we get k3 = k2. Then u = A[1,4] = (
√
k4 −
√
k1)
2, i.e., Y-type
soliton; moreover, if A[1,2] = A[3,4] = A, then we have u = 4A. It is similar to
the KP-(II) case .
• when k1 = 0, from (27) and (28) we choose a such that, noticing that the kink
front is Θ2 −Θ1 = 0,
θ+[1,2] + θ
−
[1,2] = ln
k4
k4 − k2 − 2 ln a+ ln
k3
k3 − k2 = 0.
Then
τO =
√
k3e
θ1+θ3 +
√
∆O
√
k4e
θ1+θ4 +
√
∆O
√
k3e
θ2+θ3
+
√
k4e
θ2+θ4 .
And τ
(1)
O = k2k3
√
∆O
√
k3e
θ2+θ3 + k2k4
√
k4e
θ2+θ4 . Then also from (30)
u = k2 +
(k4 − k3)2
(
√
k4 − k2 +
√
k3 − k2)2
. (31)
The last term is the interaction term between line soliton and kink soliton.
Please see the figure 3.
Figure 3: Left: O-type Kink Soliton (k1 = 0, k2 = 1, k3 = 1.5, k4 = 3 ); Right:
P-type Kink Soliton(k1 = 0, k2 = 0.3, k3 = 2.5, k4 = 5 )
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3.2 P-type Soliton
The Grassmannian of the P-type has the form [9]
AP =
[
1 0 0 −b
0 1 a 0
]
,
where a, b are positive numbers. Then the τ -function is
τP = (k2 − k1)eθ1+θ2 + a(k3 − k1)eθ1+θ3 + b(k4 − k2)eθ2+θ4 + ab(k4 − k3)eθ3+θ4 .
And
τ
(1)
P = k1k2(k2−k1)eθ1+θ2+ak1k3(k3−k1)eθ1+θ3+bk2k4(k4−k2)eθ2+θ4+abk3k4(k4−k3)eθ3+θ4 .
Near [1,4] soliton, one has by (22)
u ≈ k4 − k1
2
(tanh
Θ4 −Θ1 + ln k4k1
2
− tanh Θ4 −Θ1
2
), (32)
where
Θ4 −Θ1 = θ4 − θ1 + ln b+ ln(k4 − k3)− ln(k3 − k1).
When Θ4−Θ1 = −12 ln k4k1 , we have the maximal amplitude. Also, the phase shift is
:
θ+[1,4] =
1
2
ln
k4
k1
− ln b+ ln(k3 − k1)− ln(k4 − k3)
θ−[1,4] =
1
2
ln
k4
k1
− ln b+ ln(k2 − k1)− ln(k4 − k2).
Then
θ[1,4] = θ
+
[1,4] − θ−[1,4] = ln(∆P ),
where ∆P =
(k4−k2)(k3−k1)
(k2−k1)(k4−k3) . Notice that ∆P ≥ 1. Then θ[1,4] = θ[2,3] > 0. Each
[i, j]-soliton shifts in x with
∆xi,j =
1
kj − ki θ[i,j] > 0,
which indicates an repulsive force in the interaction [8].
Now, we can choose b such that
θ+[1,4] + θ
−
[1,4] = ln
k4
k1
+ ln
k3 − k1
k4 − k3 − 2 ln b+ ln
k2 − k1
k4 − k2 = 0. (33)
Then
b =
√
k4(k2 − k1)(k3 − k1)
k1(k4 − k3)(k4 − k2) .
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Similarly, near [2,3] soliton, one yields
u ≈ k3 − k2
2
(tanh
Θ3 −Θ2 + ln k2k3
2
− tanh Θ3 −Θ2
2
),
where
Θ3 −Θ2 = θ3 − θ2 + ln a+ ln(k4 − k3)− ln(k4 − k2).
When Θ3−Θ2 = −12 ln k3k2 , we have the maximal amplitude. Also, the phase shift is
θ+[2,3] =
1
2
ln
k3
k2
− ln a+ ln(k4 − k2)− ln(k4 − k3)
θ−[2,3] =
1
2
ln
k3
k2
− ln a+ ln(k2 − k1)− ln(k3 − k1).
Then
θ[2,3] = θ
+
[2,3] − θ−[2,3] = ln ∆P = θ[1,4].
We can choose a such that
θ+[2,3] + θ
−
[2,3] = ln
k3
k2
+ ln
k2 − k1
k3 − k1 − 2 ln a+ ln
k4 − k2
k4 − k3 = 0.
Then
a =
√
k3(k2 − k1)(k4 − k2)
k2(k3 − k1)(k4 − k3) .
Similar to the O-type soliton, for these particular choices of a and b , we have, after
a simple calculation,
τP ≡ cosh θˆP+ +
√
∆P cosh θˆ
P
−
τ
(1)
P ≡ cosh θ˜P+ +
√
∆P cosh θ˜
P
−,
where
θˆP± =
1
2
[(θˆ4 − θˆ1)± (θˆ3 − θˆ2)]
θ˜P± =
1
2
[(θ˜4 − θ˜1)± (θ˜3 − θ˜2)],
and θˆj = θj +
1
2
ln kj, θ˜j = θj +
3
2
ln kj. Then
u = ∂x ln
τ
(1)
P
τP
= ∂x ln
cosh θ˜P+ +
√
∆P cosh θ˜
P
−
cosh θˆP+ +
√
∆P cosh θˆP−
.
Next, we compute the amplitude of the intersection part of [1, 4]-soliton and
[2, 3]-soliton . It is determined by the linear system
θˆ3 − θˆ2 = −1
2
ln
k3
k2
θˆ4 − θˆ1 = −1
2
ln
k4
k1
. (34)
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Then
θˆP+ = −
1
4
(ln
k3
k2
+ ln
k4
k1
)
θˆP− = −
1
4
(ln
k3
k2
− ln k4
k1
),
and
θ˜P+ =
1
4
(ln
k3
k2
+ ln
k4
k1
)
θ˜P− =
1
4
(ln
k3
k2
− ln k4
k1
).
These imply
θ˜P+ = −θˆP+, θ˜P− = −θˆP−.
A direct calculation shows that at the intersection part
u = (k4 − k1)(
√
k3k4 −
√
k1k2) +
√
∆P (
√
k4k2 −
√
k1k3)
(
√
k3k4 +
√
k1k2) +
√
∆P (
√
k2k4 +
√
k1k3)
+ (k3 − k2)(
√
k3k4 −
√
k1k2)−
√
∆P (
√
k4k2 −
√
k1k2)
(
√
k3k4 +
√
k1k2) +
√
∆P (
√
k2k4 +
√
k1k3)
. (35)
Using the inequality, 0 < x = 1√
∆P
< 1, a, b, c, d ∈ R,
b
d
<
ax+ b
cx+ d
<
a+ b
c+ d
, iff (ad− bc) > 0,
it is not difficult to see that
(
√
k2k4 −
√
k1k3)
(
√
k2k4 +
√
k1k3)
(k4 − k3 + k2 − k1) < u < A[1,4] + A[2,3].
The middle portion has the lower amplitude than the [1,4]-line soliton’s one. It is
very different from the O-type soliton. Also,
• when ∆P = ∞, we get k3 = k4 or k2 = k1. Then u = A[1,2] or A[3,4], i.e.,
Y-type soliton;
• when ∆P = 1, we get k3 = k2. Then u = A[1,4], i.e., one-line soliton.
• when k1 = 0, from (32) and (33) we choose b such that, noticing that the kink
front is Θ4 −Θ1 = 0,
θ+[1,4] + θ
−
[1,4] = ln
k3
k4 − k3 − 2 ln b+ ln
k2
k4 − k2 = 0.
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Then
τP =
√
k2e
θ1+θ2 +
√
∆P
√
k3e
θ1+θ3 +
√
∆P
√
k2e
θ2+θ4
+
√
k3e
θ3+θ4 .
And τ
(1)
P = k2k4
√
∆P
√
k2e
θ2+θ4 + k3k4
√
k3e
θ3+θ4 . Then also from (35)
u = k2 − (k3 − k2)
2
(
√
k4 − k3 +
√
k4 − k2)2
. (36)
The last term is the interaction term between line soliton and kink soliton. It
is different from the O-type soliton. In (31), the amplitude of interaction is
higher than k2; however, in (36), the amplitude of interaction is lower than k2.
Please also see the figure 3 .
4 Concluding Remarks
In this article, we construct the non-singular soliton solutions of MKP-(II) using the
Wronskian structure of τ -functions. As a result, the totally non-negative Grassman-
nian manifold can be utilized to study the resonance of line solitons, as the KP-(II)
solitons does. Letting k1 = 0, one can investigate the resonance of kink solitons.
Also, Y-type kink-soliton resonance, O-type kink soliton and P-type kink soliton of
X-shape are investigated. The amplitudes of the intersections of O-type and P-type
are computed after choosing appropriate phases and their lower bounds and upper
bounds are estimated, and the ones of interactions of kink solitons and line solitons
are also found.
In addition, one makes a comparison with the KP-(II) equation. In MKP-(II)
equation, all the parameters ki ≥ 0 to obtain non-singular soliton solutions; more-
over, one can get multi-kink solitons when k1 = 0. Neither such condition nor any
kink soliton exists for the KP-(II) equation. One has the resonance structure of
the multi-kink solitons (15) and (26). Therefore, in MKP-(II) equation one has dif-
ferent unbounded line solitons as y → ±∞ from the KP-(II) equation. As for the
O-type and P-type solitons, the interaction between kink solitons and line solitons
could be interesting. The Mach-type soliton for the MKP-(II) could be interesting
when compared with the KP-(II) equation [12] and the Novikov-Veselov equation
[2]. Also, when k1=0, the self-dual τ -functions [10] (or T-type soliton [19]) , which
are characterized by identical sets of asymptotic line solitons as y → ±∞, are to be
investigated. In particular, the asymptotic line solitons inside the multi-kink soliton
could be interesting. These issues will be published elsewhere.
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